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PRACTICAL MACHINE LEARNING: REGRESSION

LECTURE PLAN
▸ Regression 

▸ Examples 

▸ Linear regression 

▸ MNIST 

▸ B physics background suppression 

▸ Summary
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A. Bevan

PRACTICAL MACHINE LEARNING: REGRESSION

REGRESSION
▸ Using a model for regression means that we compute a 

quantitative output, called the response. 

▸ Essentially the process is the same as addressing a classification 
problem, however instead of a quantitative outcome (a yes/no 
decision on types associated with an example) we have a 
number associated with a data example. 

▸ This number (the response) can be used in a probabilistic sense 
to avoid having to make an absolute choice between types. 

▸ All of the aspects of the problem encountered so far can be 
adopted for a regression analysis of a given problem.
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A. Bevan

PRACTICAL MACHINE LEARNING: REGRESSION

REGRESSION
▸ Neural network models can be thought of as non-linear 

regression functions; a generalisation of a linear 
regression model. 

▸ The examples we have encountered so far are processing 
abstract data samples such as images and scientific data; 
but we can use regression models as function 
approximators. 

▸ To explain what this means we can consider a Taylor series 
expansion of some function.
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A. Bevan

PRACTICAL MACHINE LEARNING: REGRESSION

REGRESSION
▸ e.g. consider the function y=f(x) = sin(x) 

▸ We can model this with a polynomial; but which one? 

▸ y=a1x 

▸ y=a1x+a2x2 

▸ y=a1x+a2x2+a3x3 

▸ y=a1x+a2x2+a3x3+a4x4 

▸
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Each model is an approximation of the 
function we are interested in. 

For some region of x the approximation 
will be good (accurate prediction). 

For some region in x the approximation 
will be bad (inaccurate prediction). 

Like all approximations, there are 
conditions associated with the validity 
of a given model

We can neglect the a0 term for this function approximation problem 
as sin(x) is an odd function (i.e. y=0 zero at x=0).
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PRACTICAL MACHINE LEARNING: REGRESSION
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▸ e.g. consider the function y=f(x) = sin(x) 
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<latexit sha1_base64="M+q8B87dRWl92u6tsXA9XqdoMrs=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS03BZeTrrlcpe1ZsBLxM/J2XIUe+Vvrp9RdOYSUsFMabje4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCT51Sh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo6ELwF19eJs3zqu9V/buLcu06j6MAx3ACFfDhEmpwC3VoAIUHeIZXeEMKvaB39DFvXUH5zBH8Afr8ARPejsk=</latexit><latexit sha1_base64="M+q8B87dRWl92u6tsXA9XqdoMrs=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS03BZeTrrlcpe1ZsBLxM/J2XIUe+Vvrp9RdOYSUsFMabje4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCT51Sh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo6ELwF19eJs3zqu9V/buLcu06j6MAx3ACFfDhEmpwC3VoAIUHeIZXeEMKvaB39DFvXUH5zBH8Afr8ARPejsk=</latexit><latexit sha1_base64="M+q8B87dRWl92u6tsXA9XqdoMrs=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS03BZeTrrlcpe1ZsBLxM/J2XIUe+Vvrp9RdOYSUsFMabje4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCT51Sh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo6ELwF19eJs3zqu9V/buLcu06j6MAx3ACFfDhEmpwC3VoAIUHeIZXeEMKvaB39DFvXUH5zBH8Afr8ARPejsk=</latexit>

Range of validity increases with complexity of the model

We can neglect the a0 term for this function approximation problem 
as sin(x) is an odd function (i.e. y=0 zero at x=0).



A. Bevan

PRACTICAL MACHINE LEARNING: REGRESSION

REGRESSION
▸ e.g. consider the function y=f(x) = sin(x) 

▸ We can model this with a polynomial; but which one? 

▸ y=a1x 

▸ y=a1x+a2x2 

▸ y=a1x+a2x2+a3x3 

▸ y=a1x+a2x2+a3x3+a4x4 

▸

�7

y =
1X

i=0

aix
i

<latexit sha1_base64="2J0PgRZs2fmjE+VowA8/Y9vQFBE=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQE3RSKblxWsA9o0jCZTtqhM5MwMxFD6MqNv+LGhSJu/QZ3/o3TNgttPXDhcM693HtPmDCqtON8W0vLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXU/89j2RisbiTmcJ8TkaCBpRjLSRAvsoq3kq5UFOa864l3tURDobQxRQ+NCjgV1xqs4UcJG4BamAAo3A/vL6MU45ERozpFTXdRLt50hqihkZl71UkQThERqQrqECcaL8fPrGGJ4YpQ+jWJoSGk7V3xM54kplPDSdHOmhmvcm4n9eN9XRpZ9TkaSaCDxbFKUM6hhOMoF9KgnWLDMEYUnNrRAPkURYm+TKJgR3/uVF0jqruk7VvT2v1K+KOErgEByDU+CCC1AHN6ABmgCDR/AMXsGb9WS9WO/Wx6x1ySpmDsAfWJ8/JPiY5Q==</latexit><latexit sha1_base64="2J0PgRZs2fmjE+VowA8/Y9vQFBE=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQE3RSKblxWsA9o0jCZTtqhM5MwMxFD6MqNv+LGhSJu/QZ3/o3TNgttPXDhcM693HtPmDCqtON8W0vLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXU/89j2RisbiTmcJ8TkaCBpRjLSRAvsoq3kq5UFOa864l3tURDobQxRQ+NCjgV1xqs4UcJG4BamAAo3A/vL6MU45ERozpFTXdRLt50hqihkZl71UkQThERqQrqECcaL8fPrGGJ4YpQ+jWJoSGk7V3xM54kplPDSdHOmhmvcm4n9eN9XRpZ9TkaSaCDxbFKUM6hhOMoF9KgnWLDMEYUnNrRAPkURYm+TKJgR3/uVF0jqruk7VvT2v1K+KOErgEByDU+CCC1AHN6ABmgCDR/AMXsGb9WS9WO/Wx6x1ySpmDsAfWJ8/JPiY5Q==</latexit><latexit sha1_base64="2J0PgRZs2fmjE+VowA8/Y9vQFBE=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQE3RSKblxWsA9o0jCZTtqhM5MwMxFD6MqNv+LGhSJu/QZ3/o3TNgttPXDhcM693HtPmDCqtON8W0vLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXU/89j2RisbiTmcJ8TkaCBpRjLSRAvsoq3kq5UFOa864l3tURDobQxRQ+NCjgV1xqs4UcJG4BamAAo3A/vL6MU45ERozpFTXdRLt50hqihkZl71UkQThERqQrqECcaL8fPrGGJ4YpQ+jWJoSGk7V3xM54kplPDSdHOmhmvcm4n9eN9XRpZ9TkaSaCDxbFKUM6hhOMoF9KgnWLDMEYUnNrRAPkURYm+TKJgR3/uVF0jqruk7VvT2v1K+KOErgEByDU+CCC1AHN6ABmgCDR/AMXsGb9WS9WO/Wx6x1ySpmDsAfWJ8/JPiY5Q==</latexit>

x
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y
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<latexit sha1_base64="FJ+P+jPuklE5YE9Woeu9gH8Sg3k=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48V7Ae0S8mm2TY0yS5JVixL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknt7nfeWTa8Fg92GnCAklGikecEptLZOA/Dao1r+7NgVeJX5AaFGgOql/9YUxTyZSlghjT873EBhnRllPBZpV+alhC6ISMWM9RRSQzQTa/dYbPnDLEUaxdKYvn6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6DrIuEpSyxRdLIpSgW2M88fxkGtGrZg6Qqjm7lZMx0QTal08FReCv/zyKmlf1H2v7t9f1ho3RRxlOIFTOAcfrqABd9CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzB8Rfjgs=</latexit><latexit sha1_base64="FJ+P+jPuklE5YE9Woeu9gH8Sg3k=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48V7Ae0S8mm2TY0yS5JVixL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknt7nfeWTa8Fg92GnCAklGikecEptLZOA/Dao1r+7NgVeJX5AaFGgOql/9YUxTyZSlghjT873EBhnRllPBZpV+alhC6ISMWM9RRSQzQTa/dYbPnDLEUaxdKYvn6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6DrIuEpSyxRdLIpSgW2M88fxkGtGrZg6Qqjm7lZMx0QTal08FReCv/zyKmlf1H2v7t9f1ho3RRxlOIFTOAcfrqABd9CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzB8Rfjgs=</latexit><latexit sha1_base64="FJ+P+jPuklE5YE9Woeu9gH8Sg3k=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48V7Ae0S8mm2TY0yS5JVixL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknt7nfeWTa8Fg92GnCAklGikecEptLZOA/Dao1r+7NgVeJX5AaFGgOql/9YUxTyZSlghjT873EBhnRllPBZpV+alhC6ISMWM9RRSQzQTa/dYbPnDLEUaxdKYvn6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6DrIuEpSyxRdLIpSgW2M88fxkGtGrZg6Qqjm7lZMx0QTal08FReCv/zyKmlf1H2v7t9f1ho3RRxlOIFTOAcfrqABd9CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzB8Rfjgs=</latexit>

a1x+ a2x
2

<latexit sha1_base64="OsLCCCUMwg/ulGz3902voK5qWxA=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIsgCGW3CHosevFYwX7Adl1m02wbmk2WJCstpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlpmitAmkVyqTgSaciZo0zDDaSdVFJKI03Y0vJ357SeqNJPiwYxTGiTQFyxmBIyVfAi90QWEtdFjLSxX3Ko7B14lXk4qKEcjLH91e5JkCRWGcNDa99zUBBNQhhFOp6VupmkKZAh96lsqIKE6mMxPnuIzq/RwLJUtYfBc/T0xgUTrcRLZzgTMQC97M/E/z89MfB1MmEgzQwVZLIozjo3Es/9xjylKDB9bAkQxeysmA1BAjE2pZEPwll9eJa1a1XOr3v1lpX6Tx1FEJ+gUnSMPXaE6ukMN1EQESfSMXtGbY5wX5935WLQWnHzmGP2B8/kDF3SQdg==</latexit><latexit sha1_base64="OsLCCCUMwg/ulGz3902voK5qWxA=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIsgCGW3CHosevFYwX7Adl1m02wbmk2WJCstpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlpmitAmkVyqTgSaciZo0zDDaSdVFJKI03Y0vJ357SeqNJPiwYxTGiTQFyxmBIyVfAi90QWEtdFjLSxX3Ko7B14lXk4qKEcjLH91e5JkCRWGcNDa99zUBBNQhhFOp6VupmkKZAh96lsqIKE6mMxPnuIzq/RwLJUtYfBc/T0xgUTrcRLZzgTMQC97M/E/z89MfB1MmEgzQwVZLIozjo3Es/9xjylKDB9bAkQxeysmA1BAjE2pZEPwll9eJa1a1XOr3v1lpX6Tx1FEJ+gUnSMPXaE6ukMN1EQESfSMXtGbY5wX5935WLQWnHzmGP2B8/kDF3SQdg==</latexit><latexit sha1_base64="OsLCCCUMwg/ulGz3902voK5qWxA=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIsgCGW3CHosevFYwX7Adl1m02wbmk2WJCstpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlpmitAmkVyqTgSaciZo0zDDaSdVFJKI03Y0vJ357SeqNJPiwYxTGiTQFyxmBIyVfAi90QWEtdFjLSxX3Ko7B14lXk4qKEcjLH91e5JkCRWGcNDa99zUBBNQhhFOp6VupmkKZAh96lsqIKE6mMxPnuIzq/RwLJUtYfBc/T0xgUTrcRLZzgTMQC97M/E/z89MfB1MmEgzQwVZLIozjo3Es/9xjylKDB9bAkQxeysmA1BAjE2pZEPwll9eJa1a1XOr3v1lpX6Tx1FEJ+gUnSMPXaE6ukMN1EQESfSMXtGbY5wX5935WLQWnHzmGP2B8/kDF3SQdg==</latexit>

a1x+ a2x
2 + a3x

3
<latexit sha1_base64="eVNYlxyFTAmYG0ZkA39AYVjAE9Y=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkUQhJK0gi6LblxWsA9o03AznbRDJ5MwM5GU0F9x40IRt/6IO//GaZuFth643MM59zJ3jh8zKpVtfxuFjc2t7Z3ibmlv/+DwyDwut2WUCExaOGKR6PogCaOctBRVjHRjQSD0Gen4k7u533kiQtKIP6ppTNwQRpwGFIPSkmeWwXPSS/Bq6aCmWz0d1D2zYlftBax14uSkgnI0PfOrP4xwEhKuMAMpe44dKzcDoShmZFbqJ5LEgCcwIj1NOYREutni9pl1rpWhFURCF1fWQv29kUEo5TT09WQIaixXvbn4n9dLVHDjZpTHiSIcLx8KEmapyJoHYQ2pIFixqSaABdW3WngMArDScZV0CM7ql9dJu1Z17KrzcFVp3OZxFNEpOkMXyEHXqIHuURO1EEYpekav6M2YGS/Gu/GxHC0Y+c4J+gPj8wf0/JMU</latexit><latexit sha1_base64="eVNYlxyFTAmYG0ZkA39AYVjAE9Y=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkUQhJK0gi6LblxWsA9o03AznbRDJ5MwM5GU0F9x40IRt/6IO//GaZuFth643MM59zJ3jh8zKpVtfxuFjc2t7Z3ibmlv/+DwyDwut2WUCExaOGKR6PogCaOctBRVjHRjQSD0Gen4k7u533kiQtKIP6ppTNwQRpwGFIPSkmeWwXPSS/Bq6aCmWz0d1D2zYlftBax14uSkgnI0PfOrP4xwEhKuMAMpe44dKzcDoShmZFbqJ5LEgCcwIj1NOYREutni9pl1rpWhFURCF1fWQv29kUEo5TT09WQIaixXvbn4n9dLVHDjZpTHiSIcLx8KEmapyJoHYQ2pIFixqSaABdW3WngMArDScZV0CM7ql9dJu1Z17KrzcFVp3OZxFNEpOkMXyEHXqIHuURO1EEYpekav6M2YGS/Gu/GxHC0Y+c4J+gPj8wf0/JMU</latexit><latexit sha1_base64="eVNYlxyFTAmYG0ZkA39AYVjAE9Y=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkUQhJK0gi6LblxWsA9o03AznbRDJ5MwM5GU0F9x40IRt/6IO//GaZuFth643MM59zJ3jh8zKpVtfxuFjc2t7Z3ibmlv/+DwyDwut2WUCExaOGKR6PogCaOctBRVjHRjQSD0Gen4k7u533kiQtKIP6ppTNwQRpwGFIPSkmeWwXPSS/Bq6aCmWz0d1D2zYlftBax14uSkgnI0PfOrP4xwEhKuMAMpe44dKzcDoShmZFbqJ5LEgCcwIj1NOYREutni9pl1rpWhFURCF1fWQv29kUEo5TT09WQIaixXvbn4n9dLVHDjZpTHiSIcLx8KEmapyJoHYQ2pIFixqSaABdW3WngMArDScZV0CM7ql9dJu1Z17KrzcFVp3OZxFNEpOkMXyEHXqIHuURO1EEYpekav6M2YGS/Gu/GxHC0Y+c4J+gPj8wf0/JMU</latexit>

a1x+ a2x
2 + a3x

3 + a4x
4

<latexit sha1_base64="72bYLDHuzJNxHe3bJFRywOhyG1c=">AAACAnicbVDLSsNAFL3xWesr6krcBIsgCCVpC7osunFZwT6gTcNkOm2HTiZhZiIpobjxV9y4UMStX+HOv3HaZqGtB4Z7OOde7tzjR4xKZdvfxsrq2vrGZm4rv72zu7dvHhw2ZBgLTOo4ZKFo+UgSRjmpK6oYaUWCoMBnpOmPbqZ+84EISUN+r8YRcQM04LRPMVJa8sxj5DnJBfJKSbekSznplnWpJN2KZxbsoj2DtUycjBQgQ80zvzq9EMcB4QozJGXbsSPlpkgoihmZ5DuxJBHCIzQgbU05Coh009kJE+tMKz2rHwr9uLJm6u+JFAVSjgNfdwZIDeWiNxX/89qx6l+5KeVRrAjH80X9mFkqtKZ5WD0qCFZsrAnCguq/WniIBMJKp5bXITiLJy+TRqno2EXnrlKoXmdx5OAETuEcHLiEKtxCDeqA4RGe4RXejCfjxXg3PuatK0Y2cwR/YHz+AG3YlYM=</latexit><latexit sha1_base64="72bYLDHuzJNxHe3bJFRywOhyG1c=">AAACAnicbVDLSsNAFL3xWesr6krcBIsgCCVpC7osunFZwT6gTcNkOm2HTiZhZiIpobjxV9y4UMStX+HOv3HaZqGtB4Z7OOde7tzjR4xKZdvfxsrq2vrGZm4rv72zu7dvHhw2ZBgLTOo4ZKFo+UgSRjmpK6oYaUWCoMBnpOmPbqZ+84EISUN+r8YRcQM04LRPMVJa8sxj5DnJBfJKSbekSznplnWpJN2KZxbsoj2DtUycjBQgQ80zvzq9EMcB4QozJGXbsSPlpkgoihmZ5DuxJBHCIzQgbU05Coh009kJE+tMKz2rHwr9uLJm6u+JFAVSjgNfdwZIDeWiNxX/89qx6l+5KeVRrAjH80X9mFkqtKZ5WD0qCFZsrAnCguq/WniIBMJKp5bXITiLJy+TRqno2EXnrlKoXmdx5OAETuEcHLiEKtxCDeqA4RGe4RXejCfjxXg3PuatK0Y2cwR/YHz+AG3YlYM=</latexit><latexit sha1_base64="72bYLDHuzJNxHe3bJFRywOhyG1c=">AAACAnicbVDLSsNAFL3xWesr6krcBIsgCCVpC7osunFZwT6gTcNkOm2HTiZhZiIpobjxV9y4UMStX+HOv3HaZqGtB4Z7OOde7tzjR4xKZdvfxsrq2vrGZm4rv72zu7dvHhw2ZBgLTOo4ZKFo+UgSRjmpK6oYaUWCoMBnpOmPbqZ+84EISUN+r8YRcQM04LRPMVJa8sxj5DnJBfJKSbekSznplnWpJN2KZxbsoj2DtUycjBQgQ80zvzq9EMcB4QozJGXbsSPlpkgoihmZ5DuxJBHCIzQgbU05Coh009kJE+tMKz2rHwr9uLJm6u+JFAVSjgNfdwZIDeWiNxX/89qx6l+5KeVRrAjH80X9mFkqtKZ5WD0qCFZsrAnCguq/WniIBMJKp5bXITiLJy+TRqno2EXnrlKoXmdx5OAETuEcHLiEKtxCDeqA4RGe4RXejCfjxXg3PuatK0Y2cwR/YHz+AG3YlYM=</latexit>

si
n(
x)

<latexit sha1_base64="M+q8B87dRWl92u6tsXA9XqdoMrs=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS03BZeTrrlcpe1ZsBLxM/J2XIUe+Vvrp9RdOYSUsFMabje4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCT51Sh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo6ELwF19eJs3zqu9V/buLcu06j6MAx3ACFfDhEmpwC3VoAIUHeIZXeEMKvaB39DFvXUH5zBH8Afr8ARPejsk=</latexit><latexit sha1_base64="M+q8B87dRWl92u6tsXA9XqdoMrs=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS03BZeTrrlcpe1ZsBLxM/J2XIUe+Vvrp9RdOYSUsFMabje4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCT51Sh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo6ELwF19eJs3zqu9V/buLcu06j6MAx3ACFfDhEmpwC3VoAIUHeIZXeEMKvaB39DFvXUH5zBH8Afr8ARPejsk=</latexit><latexit sha1_base64="M+q8B87dRWl92u6tsXA9XqdoMrs=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS03BZeTrrlcpe1ZsBLxM/J2XIUe+Vvrp9RdOYSUsFMabje4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCT51Sh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo6ELwF19eJs3zqu9V/buLcu06j6MAx3ACFfDhEmpwC3VoAIUHeIZXeEMKvaB39DFvXUH5zBH8Afr8ARPejsk=</latexit>

Range of validity increases with complexity of the model

We can neglect the a0 term for this function approximation problem 
as sin(x) is an odd function (i.e. y=0 zero at x=0).
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PRACTICAL MACHINE LEARNING: REGRESSION

REGRESSION
▸ e.g. consider the function y=f(x) = sin(x) 

▸ We can model this with a polynomial; but which one? 

▸ y=a1x 

▸ y=a1x+a2x2 

▸ y=a1x+a2x2+a3x3 

▸ y=a1x+a2x2+a3x3+a4x4 

▸

�8

y =
1X

i=0
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i

<latexit sha1_base64="2J0PgRZs2fmjE+VowA8/Y9vQFBE=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQE3RSKblxWsA9o0jCZTtqhM5MwMxFD6MqNv+LGhSJu/QZ3/o3TNgttPXDhcM693HtPmDCqtON8W0vLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXU/89j2RisbiTmcJ8TkaCBpRjLSRAvsoq3kq5UFOa864l3tURDobQxRQ+NCjgV1xqs4UcJG4BamAAo3A/vL6MU45ERozpFTXdRLt50hqihkZl71UkQThERqQrqECcaL8fPrGGJ4YpQ+jWJoSGk7V3xM54kplPDSdHOmhmvcm4n9eN9XRpZ9TkaSaCDxbFKUM6hhOMoF9KgnWLDMEYUnNrRAPkURYm+TKJgR3/uVF0jqruk7VvT2v1K+KOErgEByDU+CCC1AHN6ABmgCDR/AMXsGb9WS9WO/Wx6x1ySpmDsAfWJ8/JPiY5Q==</latexit><latexit sha1_base64="2J0PgRZs2fmjE+VowA8/Y9vQFBE=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQE3RSKblxWsA9o0jCZTtqhM5MwMxFD6MqNv+LGhSJu/QZ3/o3TNgttPXDhcM693HtPmDCqtON8W0vLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXU/89j2RisbiTmcJ8TkaCBpRjLSRAvsoq3kq5UFOa864l3tURDobQxRQ+NCjgV1xqs4UcJG4BamAAo3A/vL6MU45ERozpFTXdRLt50hqihkZl71UkQThERqQrqECcaL8fPrGGJ4YpQ+jWJoSGk7V3xM54kplPDSdHOmhmvcm4n9eN9XRpZ9TkaSaCDxbFKUM6hhOMoF9KgnWLDMEYUnNrRAPkURYm+TKJgR3/uVF0jqruk7VvT2v1K+KOErgEByDU+CCC1AHN6ABmgCDR/AMXsGb9WS9WO/Wx6x1ySpmDsAfWJ8/JPiY5Q==</latexit><latexit sha1_base64="2J0PgRZs2fmjE+VowA8/Y9vQFBE=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQE3RSKblxWsA9o0jCZTtqhM5MwMxFD6MqNv+LGhSJu/QZ3/o3TNgttPXDhcM693HtPmDCqtON8W0vLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXU/89j2RisbiTmcJ8TkaCBpRjLSRAvsoq3kq5UFOa864l3tURDobQxRQ+NCjgV1xqs4UcJG4BamAAo3A/vL6MU45ERozpFTXdRLt50hqihkZl71UkQThERqQrqECcaL8fPrGGJ4YpQ+jWJoSGk7V3xM54kplPDSdHOmhmvcm4n9eN9XRpZ9TkaSaCDxbFKUM6hhOMoF9KgnWLDMEYUnNrRAPkURYm+TKJgR3/uVF0jqruk7VvT2v1K+KOErgEByDU+CCC1AHN6ABmgCDR/AMXsGb9WS9WO/Wx6x1ySpmDsAfWJ8/JPiY5Q==</latexit>

We can neglect the a0 term for this function approximation problem 
as sin(x) is an odd function (i.e. y=0 zero at x=0).
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<latexit sha1_base64="FJ+P+jPuklE5YE9Woeu9gH8Sg3k=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48V7Ae0S8mm2TY0yS5JVixL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknt7nfeWTa8Fg92GnCAklGikecEptLZOA/Dao1r+7NgVeJX5AaFGgOql/9YUxTyZSlghjT873EBhnRllPBZpV+alhC6ISMWM9RRSQzQTa/dYbPnDLEUaxdKYvn6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6DrIuEpSyxRdLIpSgW2M88fxkGtGrZg6Qqjm7lZMx0QTal08FReCv/zyKmlf1H2v7t9f1ho3RRxlOIFTOAcfrqABd9CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzB8Rfjgs=</latexit><latexit sha1_base64="FJ+P+jPuklE5YE9Woeu9gH8Sg3k=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48V7Ae0S8mm2TY0yS5JVixL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknt7nfeWTa8Fg92GnCAklGikecEptLZOA/Dao1r+7NgVeJX5AaFGgOql/9YUxTyZSlghjT873EBhnRllPBZpV+alhC6ISMWM9RRSQzQTa/dYbPnDLEUaxdKYvn6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6DrIuEpSyxRdLIpSgW2M88fxkGtGrZg6Qqjm7lZMx0QTal08FReCv/zyKmlf1H2v7t9f1ho3RRxlOIFTOAcfrqABd9CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzB8Rfjgs=</latexit><latexit sha1_base64="FJ+P+jPuklE5YE9Woeu9gH8Sg3k=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48V7Ae0S8mm2TY0yS5JVixL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknt7nfeWTa8Fg92GnCAklGikecEptLZOA/Dao1r+7NgVeJX5AaFGgOql/9YUxTyZSlghjT873EBhnRllPBZpV+alhC6ISMWM9RRSQzQTa/dYbPnDLEUaxdKYvn6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6DrIuEpSyxRdLIpSgW2M88fxkGtGrZg6Qqjm7lZMx0QTal08FReCv/zyKmlf1H2v7t9f1ho3RRxlOIFTOAcfrqABd9CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzB8Rfjgs=</latexit>

a1x+ a2x
2

<latexit sha1_base64="OsLCCCUMwg/ulGz3902voK5qWxA=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIsgCGW3CHosevFYwX7Adl1m02wbmk2WJCstpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlpmitAmkVyqTgSaciZo0zDDaSdVFJKI03Y0vJ357SeqNJPiwYxTGiTQFyxmBIyVfAi90QWEtdFjLSxX3Ko7B14lXk4qKEcjLH91e5JkCRWGcNDa99zUBBNQhhFOp6VupmkKZAh96lsqIKE6mMxPnuIzq/RwLJUtYfBc/T0xgUTrcRLZzgTMQC97M/E/z89MfB1MmEgzQwVZLIozjo3Es/9xjylKDB9bAkQxeysmA1BAjE2pZEPwll9eJa1a1XOr3v1lpX6Tx1FEJ+gUnSMPXaE6ukMN1EQESfSMXtGbY5wX5935WLQWnHzmGP2B8/kDF3SQdg==</latexit><latexit sha1_base64="OsLCCCUMwg/ulGz3902voK5qWxA=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIsgCGW3CHosevFYwX7Adl1m02wbmk2WJCstpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlpmitAmkVyqTgSaciZo0zDDaSdVFJKI03Y0vJ357SeqNJPiwYxTGiTQFyxmBIyVfAi90QWEtdFjLSxX3Ko7B14lXk4qKEcjLH91e5JkCRWGcNDa99zUBBNQhhFOp6VupmkKZAh96lsqIKE6mMxPnuIzq/RwLJUtYfBc/T0xgUTrcRLZzgTMQC97M/E/z89MfB1MmEgzQwVZLIozjo3Es/9xjylKDB9bAkQxeysmA1BAjE2pZEPwll9eJa1a1XOr3v1lpX6Tx1FEJ+gUnSMPXaE6ukMN1EQESfSMXtGbY5wX5935WLQWnHzmGP2B8/kDF3SQdg==</latexit><latexit sha1_base64="OsLCCCUMwg/ulGz3902voK5qWxA=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIsgCGW3CHosevFYwX7Adl1m02wbmk2WJCstpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlpmitAmkVyqTgSaciZo0zDDaSdVFJKI03Y0vJ357SeqNJPiwYxTGiTQFyxmBIyVfAi90QWEtdFjLSxX3Ko7B14lXk4qKEcjLH91e5JkCRWGcNDa99zUBBNQhhFOp6VupmkKZAh96lsqIKE6mMxPnuIzq/RwLJUtYfBc/T0xgUTrcRLZzgTMQC97M/E/z89MfB1MmEgzQwVZLIozjo3Es/9xjylKDB9bAkQxeysmA1BAjE2pZEPwll9eJa1a1XOr3v1lpX6Tx1FEJ+gUnSMPXaE6ukMN1EQESfSMXtGbY5wX5935WLQWnHzmGP2B8/kDF3SQdg==</latexit>

a1x+ a2x
2 + a3x

3
<latexit sha1_base64="eVNYlxyFTAmYG0ZkA39AYVjAE9Y=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkUQhJK0gi6LblxWsA9o03AznbRDJ5MwM5GU0F9x40IRt/6IO//GaZuFth643MM59zJ3jh8zKpVtfxuFjc2t7Z3ibmlv/+DwyDwut2WUCExaOGKR6PogCaOctBRVjHRjQSD0Gen4k7u533kiQtKIP6ppTNwQRpwGFIPSkmeWwXPSS/Bq6aCmWz0d1D2zYlftBax14uSkgnI0PfOrP4xwEhKuMAMpe44dKzcDoShmZFbqJ5LEgCcwIj1NOYREutni9pl1rpWhFURCF1fWQv29kUEo5TT09WQIaixXvbn4n9dLVHDjZpTHiSIcLx8KEmapyJoHYQ2pIFixqSaABdW3WngMArDScZV0CM7ql9dJu1Z17KrzcFVp3OZxFNEpOkMXyEHXqIHuURO1EEYpekav6M2YGS/Gu/GxHC0Y+c4J+gPj8wf0/JMU</latexit><latexit sha1_base64="eVNYlxyFTAmYG0ZkA39AYVjAE9Y=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkUQhJK0gi6LblxWsA9o03AznbRDJ5MwM5GU0F9x40IRt/6IO//GaZuFth643MM59zJ3jh8zKpVtfxuFjc2t7Z3ibmlv/+DwyDwut2WUCExaOGKR6PogCaOctBRVjHRjQSD0Gen4k7u533kiQtKIP6ppTNwQRpwGFIPSkmeWwXPSS/Bq6aCmWz0d1D2zYlftBax14uSkgnI0PfOrP4xwEhKuMAMpe44dKzcDoShmZFbqJ5LEgCcwIj1NOYREutni9pl1rpWhFURCF1fWQv29kUEo5TT09WQIaixXvbn4n9dLVHDjZpTHiSIcLx8KEmapyJoHYQ2pIFixqSaABdW3WngMArDScZV0CM7ql9dJu1Z17KrzcFVp3OZxFNEpOkMXyEHXqIHuURO1EEYpekav6M2YGS/Gu/GxHC0Y+c4J+gPj8wf0/JMU</latexit><latexit sha1_base64="eVNYlxyFTAmYG0ZkA39AYVjAE9Y=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkUQhJK0gi6LblxWsA9o03AznbRDJ5MwM5GU0F9x40IRt/6IO//GaZuFth643MM59zJ3jh8zKpVtfxuFjc2t7Z3ibmlv/+DwyDwut2WUCExaOGKR6PogCaOctBRVjHRjQSD0Gen4k7u533kiQtKIP6ppTNwQRpwGFIPSkmeWwXPSS/Bq6aCmWz0d1D2zYlftBax14uSkgnI0PfOrP4xwEhKuMAMpe44dKzcDoShmZFbqJ5LEgCcwIj1NOYREutni9pl1rpWhFURCF1fWQv29kUEo5TT09WQIaixXvbn4n9dLVHDjZpTHiSIcLx8KEmapyJoHYQ2pIFixqSaABdW3WngMArDScZV0CM7ql9dJu1Z17KrzcFVp3OZxFNEpOkMXyEHXqIHuURO1EEYpekav6M2YGS/Gu/GxHC0Y+c4J+gPj8wf0/JMU</latexit>

a1x+ a2x
2 + a3x

3 + a4x
4

<latexit sha1_base64="72bYLDHuzJNxHe3bJFRywOhyG1c=">AAACAnicbVDLSsNAFL3xWesr6krcBIsgCCVpC7osunFZwT6gTcNkOm2HTiZhZiIpobjxV9y4UMStX+HOv3HaZqGtB4Z7OOde7tzjR4xKZdvfxsrq2vrGZm4rv72zu7dvHhw2ZBgLTOo4ZKFo+UgSRjmpK6oYaUWCoMBnpOmPbqZ+84EISUN+r8YRcQM04LRPMVJa8sxj5DnJBfJKSbekSznplnWpJN2KZxbsoj2DtUycjBQgQ80zvzq9EMcB4QozJGXbsSPlpkgoihmZ5DuxJBHCIzQgbU05Coh009kJE+tMKz2rHwr9uLJm6u+JFAVSjgNfdwZIDeWiNxX/89qx6l+5KeVRrAjH80X9mFkqtKZ5WD0qCFZsrAnCguq/WniIBMJKp5bXITiLJy+TRqno2EXnrlKoXmdx5OAETuEcHLiEKtxCDeqA4RGe4RXejCfjxXg3PuatK0Y2cwR/YHz+AG3YlYM=</latexit><latexit sha1_base64="72bYLDHuzJNxHe3bJFRywOhyG1c=">AAACAnicbVDLSsNAFL3xWesr6krcBIsgCCVpC7osunFZwT6gTcNkOm2HTiZhZiIpobjxV9y4UMStX+HOv3HaZqGtB4Z7OOde7tzjR4xKZdvfxsrq2vrGZm4rv72zu7dvHhw2ZBgLTOo4ZKFo+UgSRjmpK6oYaUWCoMBnpOmPbqZ+84EISUN+r8YRcQM04LRPMVJa8sxj5DnJBfJKSbekSznplnWpJN2KZxbsoj2DtUycjBQgQ80zvzq9EMcB4QozJGXbsSPlpkgoihmZ5DuxJBHCIzQgbU05Coh009kJE+tMKz2rHwr9uLJm6u+JFAVSjgNfdwZIDeWiNxX/89qx6l+5KeVRrAjH80X9mFkqtKZ5WD0qCFZsrAnCguq/WniIBMJKp5bXITiLJy+TRqno2EXnrlKoXmdx5OAETuEcHLiEKtxCDeqA4RGe4RXejCfjxXg3PuatK0Y2cwR/YHz+AG3YlYM=</latexit><latexit sha1_base64="72bYLDHuzJNxHe3bJFRywOhyG1c=">AAACAnicbVDLSsNAFL3xWesr6krcBIsgCCVpC7osunFZwT6gTcNkOm2HTiZhZiIpobjxV9y4UMStX+HOv3HaZqGtB4Z7OOde7tzjR4xKZdvfxsrq2vrGZm4rv72zu7dvHhw2ZBgLTOo4ZKFo+UgSRjmpK6oYaUWCoMBnpOmPbqZ+84EISUN+r8YRcQM04LRPMVJa8sxj5DnJBfJKSbekSznplnWpJN2KZxbsoj2DtUycjBQgQ80zvzq9EMcB4QozJGXbsSPlpkgoihmZ5DuxJBHCIzQgbU05Coh009kJE+tMKz2rHwr9uLJm6u+JFAVSjgNfdwZIDeWiNxX/89qx6l+5KeVRrAjH80X9mFkqtKZ5WD0qCFZsrAnCguq/WniIBMJKp5bXITiLJy+TRqno2EXnrlKoXmdx5OAETuEcHLiEKtxCDeqA4RGe4RXejCfjxXg3PuatK0Y2cwR/YHz+AG3YlYM=</latexit>

si
n(
x)

<latexit sha1_base64="M+q8B87dRWl92u6tsXA9XqdoMrs=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS03BZeTrrlcpe1ZsBLxM/J2XIUe+Vvrp9RdOYSUsFMabje4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCT51Sh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo6ELwF19eJs3zqu9V/buLcu06j6MAx3ACFfDhEmpwC3VoAIUHeIZXeEMKvaB39DFvXUH5zBH8Afr8ARPejsk=</latexit><latexit sha1_base64="M+q8B87dRWl92u6tsXA9XqdoMrs=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS03BZeTrrlcpe1ZsBLxM/J2XIUe+Vvrp9RdOYSUsFMabje4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCT51Sh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo6ELwF19eJs3zqu9V/buLcu06j6MAx3ACFfDhEmpwC3VoAIUHeIZXeEMKvaB39DFvXUH5zBH8Afr8ARPejsk=</latexit><latexit sha1_base64="M+q8B87dRWl92u6tsXA9XqdoMrs=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS03BZeTrrlcpe1ZsBLxM/J2XIUe+Vvrp9RdOYSUsFMabje4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCT51Sh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo6ELwF19eJs3zqu9V/buLcu06j6MAx3ACFfDhEmpwC3VoAIUHeIZXeEMKvaB39DFvXUH5zBH8Afr8ARPejsk=</latexit>

Range of validity increases with complexity of the model



A. Bevan

PRACTICAL MACHINE LEARNING: REGRESSION

REGRESSION
▸ e.g. consider the function y=f(x) = sin(x) 

▸ We can model this with a polynomial; but which one? 

▸ y=a1x 

▸ y=a1x+a2x2 

▸ y=a1x+a2x2+a3x3 

▸ y=a1x+a2x2+a3x3+a4x4 

▸
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i

<latexit sha1_base64="2J0PgRZs2fmjE+VowA8/Y9vQFBE=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQE3RSKblxWsA9o0jCZTtqhM5MwMxFD6MqNv+LGhSJu/QZ3/o3TNgttPXDhcM693HtPmDCqtON8W0vLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXU/89j2RisbiTmcJ8TkaCBpRjLSRAvsoq3kq5UFOa864l3tURDobQxRQ+NCjgV1xqs4UcJG4BamAAo3A/vL6MU45ERozpFTXdRLt50hqihkZl71UkQThERqQrqECcaL8fPrGGJ4YpQ+jWJoSGk7V3xM54kplPDSdHOmhmvcm4n9eN9XRpZ9TkaSaCDxbFKUM6hhOMoF9KgnWLDMEYUnNrRAPkURYm+TKJgR3/uVF0jqruk7VvT2v1K+KOErgEByDU+CCC1AHN6ABmgCDR/AMXsGb9WS9WO/Wx6x1ySpmDsAfWJ8/JPiY5Q==</latexit><latexit sha1_base64="2J0PgRZs2fmjE+VowA8/Y9vQFBE=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQE3RSKblxWsA9o0jCZTtqhM5MwMxFD6MqNv+LGhSJu/QZ3/o3TNgttPXDhcM693HtPmDCqtON8W0vLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXU/89j2RisbiTmcJ8TkaCBpRjLSRAvsoq3kq5UFOa864l3tURDobQxRQ+NCjgV1xqs4UcJG4BamAAo3A/vL6MU45ERozpFTXdRLt50hqihkZl71UkQThERqQrqECcaL8fPrGGJ4YpQ+jWJoSGk7V3xM54kplPDSdHOmhmvcm4n9eN9XRpZ9TkaSaCDxbFKUM6hhOMoF9KgnWLDMEYUnNrRAPkURYm+TKJgR3/uVF0jqruk7VvT2v1K+KOErgEByDU+CCC1AHN6ABmgCDR/AMXsGb9WS9WO/Wx6x1ySpmDsAfWJ8/JPiY5Q==</latexit><latexit sha1_base64="2J0PgRZs2fmjE+VowA8/Y9vQFBE=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQE3RSKblxWsA9o0jCZTtqhM5MwMxFD6MqNv+LGhSJu/QZ3/o3TNgttPXDhcM693HtPmDCqtON8W0vLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXU/89j2RisbiTmcJ8TkaCBpRjLSRAvsoq3kq5UFOa864l3tURDobQxRQ+NCjgV1xqs4UcJG4BamAAo3A/vL6MU45ERozpFTXdRLt50hqihkZl71UkQThERqQrqECcaL8fPrGGJ4YpQ+jWJoSGk7V3xM54kplPDSdHOmhmvcm4n9eN9XRpZ9TkaSaCDxbFKUM6hhOMoF9KgnWLDMEYUnNrRAPkURYm+TKJgR3/uVF0jqruk7VvT2v1K+KOErgEByDU+CCC1AHN6ABmgCDR/AMXsGb9WS9WO/Wx6x1ySpmDsAfWJ8/JPiY5Q==</latexit>

We can neglect the a0 term for this function approximation problem 
as sin(x) is an odd function (i.e. y=0 zero at x=0).
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<latexit sha1_base64="FJ+P+jPuklE5YE9Woeu9gH8Sg3k=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48V7Ae0S8mm2TY0yS5JVixL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknt7nfeWTa8Fg92GnCAklGikecEptLZOA/Dao1r+7NgVeJX5AaFGgOql/9YUxTyZSlghjT873EBhnRllPBZpV+alhC6ISMWM9RRSQzQTa/dYbPnDLEUaxdKYvn6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6DrIuEpSyxRdLIpSgW2M88fxkGtGrZg6Qqjm7lZMx0QTal08FReCv/zyKmlf1H2v7t9f1ho3RRxlOIFTOAcfrqABd9CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzB8Rfjgs=</latexit><latexit sha1_base64="FJ+P+jPuklE5YE9Woeu9gH8Sg3k=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48V7Ae0S8mm2TY0yS5JVixL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknt7nfeWTa8Fg92GnCAklGikecEptLZOA/Dao1r+7NgVeJX5AaFGgOql/9YUxTyZSlghjT873EBhnRllPBZpV+alhC6ISMWM9RRSQzQTa/dYbPnDLEUaxdKYvn6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6DrIuEpSyxRdLIpSgW2M88fxkGtGrZg6Qqjm7lZMx0QTal08FReCv/zyKmlf1H2v7t9f1ho3RRxlOIFTOAcfrqABd9CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzB8Rfjgs=</latexit><latexit sha1_base64="FJ+P+jPuklE5YE9Woeu9gH8Sg3k=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48V7Ae0S8mm2TY0yS5JVixL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknt7nfeWTa8Fg92GnCAklGikecEptLZOA/Dao1r+7NgVeJX5AaFGgOql/9YUxTyZSlghjT873EBhnRllPBZpV+alhC6ISMWM9RRSQzQTa/dYbPnDLEUaxdKYvn6u+JjEhjpjJ0nZLYsVn2cvE/r5fa6DrIuEpSyxRdLIpSgW2M88fxkGtGrZg6Qqjm7lZMx0QTal08FReCv/zyKmlf1H2v7t9f1ho3RRxlOIFTOAcfrqABd9CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzB8Rfjgs=</latexit>

a1x+ a2x
2

<latexit sha1_base64="OsLCCCUMwg/ulGz3902voK5qWxA=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIsgCGW3CHosevFYwX7Adl1m02wbmk2WJCstpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlpmitAmkVyqTgSaciZo0zDDaSdVFJKI03Y0vJ357SeqNJPiwYxTGiTQFyxmBIyVfAi90QWEtdFjLSxX3Ko7B14lXk4qKEcjLH91e5JkCRWGcNDa99zUBBNQhhFOp6VupmkKZAh96lsqIKE6mMxPnuIzq/RwLJUtYfBc/T0xgUTrcRLZzgTMQC97M/E/z89MfB1MmEgzQwVZLIozjo3Es/9xjylKDB9bAkQxeysmA1BAjE2pZEPwll9eJa1a1XOr3v1lpX6Tx1FEJ+gUnSMPXaE6ukMN1EQESfSMXtGbY5wX5935WLQWnHzmGP2B8/kDF3SQdg==</latexit><latexit sha1_base64="OsLCCCUMwg/ulGz3902voK5qWxA=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIsgCGW3CHosevFYwX7Adl1m02wbmk2WJCstpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlpmitAmkVyqTgSaciZo0zDDaSdVFJKI03Y0vJ357SeqNJPiwYxTGiTQFyxmBIyVfAi90QWEtdFjLSxX3Ko7B14lXk4qKEcjLH91e5JkCRWGcNDa99zUBBNQhhFOp6VupmkKZAh96lsqIKE6mMxPnuIzq/RwLJUtYfBc/T0xgUTrcRLZzgTMQC97M/E/z89MfB1MmEgzQwVZLIozjo3Es/9xjylKDB9bAkQxeysmA1BAjE2pZEPwll9eJa1a1XOr3v1lpX6Tx1FEJ+gUnSMPXaE6ukMN1EQESfSMXtGbY5wX5935WLQWnHzmGP2B8/kDF3SQdg==</latexit><latexit sha1_base64="OsLCCCUMwg/ulGz3902voK5qWxA=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIsgCGW3CHosevFYwX7Adl1m02wbmk2WJCstpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMi1LOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlpmitAmkVyqTgSaciZo0zDDaSdVFJKI03Y0vJ357SeqNJPiwYxTGiTQFyxmBIyVfAi90QWEtdFjLSxX3Ko7B14lXk4qKEcjLH91e5JkCRWGcNDa99zUBBNQhhFOp6VupmkKZAh96lsqIKE6mMxPnuIzq/RwLJUtYfBc/T0xgUTrcRLZzgTMQC97M/E/z89MfB1MmEgzQwVZLIozjo3Es/9xjylKDB9bAkQxeysmA1BAjE2pZEPwll9eJa1a1XOr3v1lpX6Tx1FEJ+gUnSMPXaE6ukMN1EQESfSMXtGbY5wX5935WLQWnHzmGP2B8/kDF3SQdg==</latexit>

a1x+ a2x
2 + a3x

3
<latexit sha1_base64="eVNYlxyFTAmYG0ZkA39AYVjAE9Y=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkUQhJK0gi6LblxWsA9o03AznbRDJ5MwM5GU0F9x40IRt/6IO//GaZuFth643MM59zJ3jh8zKpVtfxuFjc2t7Z3ibmlv/+DwyDwut2WUCExaOGKR6PogCaOctBRVjHRjQSD0Gen4k7u533kiQtKIP6ppTNwQRpwGFIPSkmeWwXPSS/Bq6aCmWz0d1D2zYlftBax14uSkgnI0PfOrP4xwEhKuMAMpe44dKzcDoShmZFbqJ5LEgCcwIj1NOYREutni9pl1rpWhFURCF1fWQv29kUEo5TT09WQIaixXvbn4n9dLVHDjZpTHiSIcLx8KEmapyJoHYQ2pIFixqSaABdW3WngMArDScZV0CM7ql9dJu1Z17KrzcFVp3OZxFNEpOkMXyEHXqIHuURO1EEYpekav6M2YGS/Gu/GxHC0Y+c4J+gPj8wf0/JMU</latexit><latexit sha1_base64="eVNYlxyFTAmYG0ZkA39AYVjAE9Y=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkUQhJK0gi6LblxWsA9o03AznbRDJ5MwM5GU0F9x40IRt/6IO//GaZuFth643MM59zJ3jh8zKpVtfxuFjc2t7Z3ibmlv/+DwyDwut2WUCExaOGKR6PogCaOctBRVjHRjQSD0Gen4k7u533kiQtKIP6ppTNwQRpwGFIPSkmeWwXPSS/Bq6aCmWz0d1D2zYlftBax14uSkgnI0PfOrP4xwEhKuMAMpe44dKzcDoShmZFbqJ5LEgCcwIj1NOYREutni9pl1rpWhFURCF1fWQv29kUEo5TT09WQIaixXvbn4n9dLVHDjZpTHiSIcLx8KEmapyJoHYQ2pIFixqSaABdW3WngMArDScZV0CM7ql9dJu1Z17KrzcFVp3OZxFNEpOkMXyEHXqIHuURO1EEYpekav6M2YGS/Gu/GxHC0Y+c4J+gPj8wf0/JMU</latexit><latexit sha1_base64="eVNYlxyFTAmYG0ZkA39AYVjAE9Y=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkUQhJK0gi6LblxWsA9o03AznbRDJ5MwM5GU0F9x40IRt/6IO//GaZuFth643MM59zJ3jh8zKpVtfxuFjc2t7Z3ibmlv/+DwyDwut2WUCExaOGKR6PogCaOctBRVjHRjQSD0Gen4k7u533kiQtKIP6ppTNwQRpwGFIPSkmeWwXPSS/Bq6aCmWz0d1D2zYlftBax14uSkgnI0PfOrP4xwEhKuMAMpe44dKzcDoShmZFbqJ5LEgCcwIj1NOYREutni9pl1rpWhFURCF1fWQv29kUEo5TT09WQIaixXvbn4n9dLVHDjZpTHiSIcLx8KEmapyJoHYQ2pIFixqSaABdW3WngMArDScZV0CM7ql9dJu1Z17KrzcFVp3OZxFNEpOkMXyEHXqIHuURO1EEYpekav6M2YGS/Gu/GxHC0Y+c4J+gPj8wf0/JMU</latexit>

a1x+ a2x
2 + a3x

3 + a4x
4

<latexit sha1_base64="72bYLDHuzJNxHe3bJFRywOhyG1c=">AAACAnicbVDLSsNAFL3xWesr6krcBIsgCCVpC7osunFZwT6gTcNkOm2HTiZhZiIpobjxV9y4UMStX+HOv3HaZqGtB4Z7OOde7tzjR4xKZdvfxsrq2vrGZm4rv72zu7dvHhw2ZBgLTOo4ZKFo+UgSRjmpK6oYaUWCoMBnpOmPbqZ+84EISUN+r8YRcQM04LRPMVJa8sxj5DnJBfJKSbekSznplnWpJN2KZxbsoj2DtUycjBQgQ80zvzq9EMcB4QozJGXbsSPlpkgoihmZ5DuxJBHCIzQgbU05Coh009kJE+tMKz2rHwr9uLJm6u+JFAVSjgNfdwZIDeWiNxX/89qx6l+5KeVRrAjH80X9mFkqtKZ5WD0qCFZsrAnCguq/WniIBMJKp5bXITiLJy+TRqno2EXnrlKoXmdx5OAETuEcHLiEKtxCDeqA4RGe4RXejCfjxXg3PuatK0Y2cwR/YHz+AG3YlYM=</latexit><latexit sha1_base64="72bYLDHuzJNxHe3bJFRywOhyG1c=">AAACAnicbVDLSsNAFL3xWesr6krcBIsgCCVpC7osunFZwT6gTcNkOm2HTiZhZiIpobjxV9y4UMStX+HOv3HaZqGtB4Z7OOde7tzjR4xKZdvfxsrq2vrGZm4rv72zu7dvHhw2ZBgLTOo4ZKFo+UgSRjmpK6oYaUWCoMBnpOmPbqZ+84EISUN+r8YRcQM04LRPMVJa8sxj5DnJBfJKSbekSznplnWpJN2KZxbsoj2DtUycjBQgQ80zvzq9EMcB4QozJGXbsSPlpkgoihmZ5DuxJBHCIzQgbU05Coh009kJE+tMKz2rHwr9uLJm6u+JFAVSjgNfdwZIDeWiNxX/89qx6l+5KeVRrAjH80X9mFkqtKZ5WD0qCFZsrAnCguq/WniIBMJKp5bXITiLJy+TRqno2EXnrlKoXmdx5OAETuEcHLiEKtxCDeqA4RGe4RXejCfjxXg3PuatK0Y2cwR/YHz+AG3YlYM=</latexit><latexit sha1_base64="72bYLDHuzJNxHe3bJFRywOhyG1c=">AAACAnicbVDLSsNAFL3xWesr6krcBIsgCCVpC7osunFZwT6gTcNkOm2HTiZhZiIpobjxV9y4UMStX+HOv3HaZqGtB4Z7OOde7tzjR4xKZdvfxsrq2vrGZm4rv72zu7dvHhw2ZBgLTOo4ZKFo+UgSRjmpK6oYaUWCoMBnpOmPbqZ+84EISUN+r8YRcQM04LRPMVJa8sxj5DnJBfJKSbekSznplnWpJN2KZxbsoj2DtUycjBQgQ80zvzq9EMcB4QozJGXbsSPlpkgoihmZ5DuxJBHCIzQgbU05Coh009kJE+tMKz2rHwr9uLJm6u+JFAVSjgNfdwZIDeWiNxX/89qx6l+5KeVRrAjH80X9mFkqtKZ5WD0qCFZsrAnCguq/WniIBMJKp5bXITiLJy+TRqno2EXnrlKoXmdx5OAETuEcHLiEKtxCDeqA4RGe4RXejCfjxXg3PuatK0Y2cwR/YHz+AG3YlYM=</latexit>

si
n(
x)

<latexit sha1_base64="M+q8B87dRWl92u6tsXA9XqdoMrs=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS03BZeTrrlcpe1ZsBLxM/J2XIUe+Vvrp9RdOYSUsFMabje4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCT51Sh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo6ELwF19eJs3zqu9V/buLcu06j6MAx3ACFfDhEmpwC3VoAIUHeIZXeEMKvaB39DFvXUH5zBH8Afr8ARPejsk=</latexit><latexit sha1_base64="M+q8B87dRWl92u6tsXA9XqdoMrs=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS03BZeTrrlcpe1ZsBLxM/J2XIUe+Vvrp9RdOYSUsFMabje4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCT51Sh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo6ELwF19eJs3zqu9V/buLcu06j6MAx3ACFfDhEmpwC3VoAIUHeIZXeEMKvaB39DFvXUH5zBH8Afr8ARPejsk=</latexit><latexit sha1_base64="M+q8B87dRWl92u6tsXA9XqdoMrs=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVS03BZeTrrlcpe1ZsBLxM/J2XIUe+Vvrp9RdOYSUsFMabje4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCT51Sh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo6ELwF19eJs3zqu9V/buLcu06j6MAx3ACFfDhEmpwC3VoAIUHeIZXeEMKvaB39DFvXUH5zBH8Afr8ARPejsk=</latexit>

Range of validity increases with complexity of the model



A. Bevan

PRACTICAL MACHINE LEARNING: REGRESSION

REGRESSION
▸ e.g. consider the function y=f(x) = sin(x) 

▸ We can model this with a polynomial; but which one? 

▸ y=a1x 

▸ y=a1x+a2x2 

▸ y=a1x+a2x2+a3x3 

▸ y=a1x+a2x2+a3x3+a4x4 

▸

�10

y =
1X

i=0

aix
i

<latexit sha1_base64="2J0PgRZs2fmjE+VowA8/Y9vQFBE=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQE3RSKblxWsA9o0jCZTtqhM5MwMxFD6MqNv+LGhSJu/QZ3/o3TNgttPXDhcM693HtPmDCqtON8W0vLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXU/89j2RisbiTmcJ8TkaCBpRjLSRAvsoq3kq5UFOa864l3tURDobQxRQ+NCjgV1xqs4UcJG4BamAAo3A/vL6MU45ERozpFTXdRLt50hqihkZl71UkQThERqQrqECcaL8fPrGGJ4YpQ+jWJoSGk7V3xM54kplPDSdHOmhmvcm4n9eN9XRpZ9TkaSaCDxbFKUM6hhOMoF9KgnWLDMEYUnNrRAPkURYm+TKJgR3/uVF0jqruk7VvT2v1K+KOErgEByDU+CCC1AHN6ABmgCDR/AMXsGb9WS9WO/Wx6x1ySpmDsAfWJ8/JPiY5Q==</latexit><latexit sha1_base64="2J0PgRZs2fmjE+VowA8/Y9vQFBE=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQE3RSKblxWsA9o0jCZTtqhM5MwMxFD6MqNv+LGhSJu/QZ3/o3TNgttPXDhcM693HtPmDCqtON8W0vLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXU/89j2RisbiTmcJ8TkaCBpRjLSRAvsoq3kq5UFOa864l3tURDobQxRQ+NCjgV1xqs4UcJG4BamAAo3A/vL6MU45ERozpFTXdRLt50hqihkZl71UkQThERqQrqECcaL8fPrGGJ4YpQ+jWJoSGk7V3xM54kplPDSdHOmhmvcm4n9eN9XRpZ9TkaSaCDxbFKUM6hhOMoF9KgnWLDMEYUnNrRAPkURYm+TKJgR3/uVF0jqruk7VvT2v1K+KOErgEByDU+CCC1AHN6ABmgCDR/AMXsGb9WS9WO/Wx6x1ySpmDsAfWJ8/JPiY5Q==</latexit><latexit sha1_base64="2J0PgRZs2fmjE+VowA8/Y9vQFBE=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFclUQE3RSKblxWsA9o0jCZTtqhM5MwMxFD6MqNv+LGhSJu/QZ3/o3TNgttPXDhcM693HtPmDCqtON8W0vLK6tr66WN8ubW9s6uvbffUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXU/89j2RisbiTmcJ8TkaCBpRjLSRAvsoq3kq5UFOa864l3tURDobQxRQ+NCjgV1xqs4UcJG4BamAAo3A/vL6MU45ERozpFTXdRLt50hqihkZl71UkQThERqQrqECcaL8fPrGGJ4YpQ+jWJoSGk7V3xM54kplPDSdHOmhmvcm4n9eN9XRpZ9TkaSaCDxbFKUM6hhOMoF9KgnWLDMEYUnNrRAPkURYm+TKJgR3/uVF0jqruk7VvT2v1K+KOErgEByDU+CCC1AHN6ABmgCDR/AMXsGb9WS9WO/Wx6x1ySpmDsAfWJ8/JPiY5Q==</latexit>

We can neglect the a0 term for this function approximation problem 
as sin(x) is an odd function (i.e. y=0 zero at x=0).
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Range of validity increases with complexity of the model
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REGRESSION
▸ e.g. consider the function y=f(x) = sin(x) 

▸ We can model this with a polynomial; but which one?
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We can neglect the a0 term for this function approximation problem 
as sin(x) is an odd function (i.e. y=0 zero at x=0).

Taylor series expansions are analytically determined. 

The analogy that a more complicated model can provide a 
better approximation to a function can down with a 
supervised learning approach: 

If there are not enough training examples to determine the 
model parameters, then a complicated neural network can 
provide a bad approximation of a function. 

We will come back to this when talking about optimisation, 
(training and overfitting).
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EXAMPLES: LINEAR REGRESSION
▸ We have already seen the linear regression problem; using 

optimisation to determine the model parameters for  

▸

�12

y = f(x)

mx+ c
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The model y is a prediction of a continuous output; this is a regression model prediction.
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EXAMPLES: MNIST
▸ Consider the MNIST examples we looked at previously. 

▸ A classification problem will require assigning a type to each example. 

▸ The error rates for various models summarised by LeCun were discussed in the 
previous lecture. 

▸ What if a model has two almost equiprobable assignments of type?  

▸ For such examples you may decide that it is not reasonable to make an 
absolute choice using a classification algorithm. 

▸ Instead you could consider assigning a relative probability for a given 
outcome (likelihood) for a particular assignment in order to preserve 
information about other possible assignments for the example.
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[1] Neural Computation, Volume 22, Number 12, December 2010 
http://yann.lecun.com/exdb/mnist/ 

Context

https://arxiv.org/abs/1003.0358
http://yann.lecun.com/exdb/mnist/
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EXAMPLES: B PHYSICS BACKGROUND SUPPRESSION
▸ Two experiments called B Factories* were built to search for matter-antimatter 

asymmetry in B meson decays 

▸ A B meson is a      pair where one quark is a b quark and the other is either a 
u or a d (for the purpose of this discussion). 

▸ Sometimes the matter and antimatter particles can decay at different rates.  
When this happens the symmetry CP is said to be violated (C=charge 
conjugation and P is parity).  This is vital for understanding the Universe. 

▸ There was a model that naturally incorporated this phenomenon and could 
be used to predict CP violation in B decays. 

▸ The work of these experiments validated the model of Kobayashi and Maskawa, 
that extended a earlier concept of quark mixing introduced by Cabibbo.  The 
2008 Nobel Prize included an award to Kobayashi and Maskawa for explaining 
this phenomenon.

�14Context

*BaBar at the SLAC National Accelerator Laboratory in California, and Belle at the KEK 
Laboratory in Tsukuba, Japan.  See, for example Bevan et al, arXiv:1406.6311.
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PRACTICAL MACHINE LEARNING: REGRESSION

EXAMPLES: B PHYSICS BACKGROUND SUPPRESSION
▸ The B factories collide electrons and positrons at a specific 

energy to make two B mesons nearly at rest in the centre of 
mass frame. 

▸ The energies of the electrons and positrons are asymmetric to 
enable the study of a certain type of CP violation. 

▸ Lets consider one particular example[1]: 

▸ where                       . 

▸ Dominant background comes from                                       . 

▸ With preselection we have 1 signal event to O(70) background. 
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A. Bevan

PRACTICAL MACHINE LEARNING: REGRESSION

EXAMPLES: B PHYSICS BACKGROUND SUPPRESSION
▸ Use an MLP to develop a regression model to compute a score for 

an example (event) to be signal or background.   

▸ Distributions of known signal/background samples are used to 
construct a probability density function that is used in a likelihood 
fit to extract more information. 

▸ Configuration of the network: 

▸ 8 dimensional input features; 

▸ 8 input nodes: two hidden layers of 7 and 6 nodes respectively, 
and one output node; 

▸ Use Sigmoid activation functions.
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[1] Aubert et al., Phys.Rev.D76:052007,2007

https://arxiv.org/abs/0705.2157


A. Bevan

PRACTICAL MACHINE LEARNING: REGRESSION

EXAMPLES: B PHYSICS BACKGROUND SUPPRESSION
▸ Input features are based on energy flow of the event - the 

B mesons decay homogeneously whereas the light quark 
pair decays in a more focussed grouping.
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[1] Aubert et al., Phys.Rev.D76:052007,2007 
[2] Ch 9 of Bevan et al, arXiv:1406.6311

The exact definitions of these variables 
are not important as you can 
understand these as all ways of looking 
at energy flow in a decay, or how 
spherically symmetric a decay is.  See 
[1, 2] for more details.

https://arxiv.org/abs/0705.2157
https://arxiv.org/abs/1406.6311
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PRACTICAL MACHINE LEARNING: REGRESSION

EXAMPLES: B PHYSICS BACKGROUND SUPPRESSION
▸ The output of the MLP is transformed using a 1:1 

mapping: 

▸ The reason for this is to spread out the signal distribution 
so that it can be modelled for the likelihood fit (otherwise 
it would just be a sharp peak near 1).

�18Context

[1] Aubert et al., Phys.Rev.D76:052007,2007

N = 1� arccos(x� ⇠); ⇠ = 0.0027
<latexit sha1_base64="F5ukW+FF42JB2eG836rHOT9BnAA=">AAACHHicbVDLSgMxFM3UV62vUZdugkWoYMtMFSqIUHTjSirYB3SGkkkzbWhmMiQZaRn6IW78FTcuFHHjQvBvzLRdaOsJgZNzz+XmHi9iVCrL+jYyS8srq2vZ9dzG5tb2jrm715A8FpjUMWdctDwkCaMhqSuqGGlFgqDAY6TpDa7TevOBCEl5eK9GEXED1AupTzFSWuqYp4mDEYO3Y3gJbViEDhIYc1kYwqIzpMcX0DlJD9QP7bBKllWudMx8SlLARWLPSB7MUOuYn06X4zggocIMSdm2rUi5CRKKYkbGOSeWJEJ4gHqkrWmIAiLdZLLcGB5ppQt9LvQNFZyovzsSFEg5CjztDJDqy/laKv5Xa8fKP3cTGkaxIiGeDvJjBhWHaVKwSwXBio00QVhQ/VeI+0ggrHSeOR2CPb/yImmUS7ZVsu/O8tWrWRxZcAAOQQHYoAKq4AbUQB1g8AiewSt4M56MF+Pd+JhaM8asZx/8gfH1A+EnnNQ=</latexit><latexit sha1_base64="F5ukW+FF42JB2eG836rHOT9BnAA=">AAACHHicbVDLSgMxFM3UV62vUZdugkWoYMtMFSqIUHTjSirYB3SGkkkzbWhmMiQZaRn6IW78FTcuFHHjQvBvzLRdaOsJgZNzz+XmHi9iVCrL+jYyS8srq2vZ9dzG5tb2jrm715A8FpjUMWdctDwkCaMhqSuqGGlFgqDAY6TpDa7TevOBCEl5eK9GEXED1AupTzFSWuqYp4mDEYO3Y3gJbViEDhIYc1kYwqIzpMcX0DlJD9QP7bBKllWudMx8SlLARWLPSB7MUOuYn06X4zggocIMSdm2rUi5CRKKYkbGOSeWJEJ4gHqkrWmIAiLdZLLcGB5ppQt9LvQNFZyovzsSFEg5CjztDJDqy/laKv5Xa8fKP3cTGkaxIiGeDvJjBhWHaVKwSwXBio00QVhQ/VeI+0ggrHSeOR2CPb/yImmUS7ZVsu/O8tWrWRxZcAAOQQHYoAKq4AbUQB1g8AiewSt4M56MF+Pd+JhaM8asZx/8gfH1A+EnnNQ=</latexit><latexit sha1_base64="F5ukW+FF42JB2eG836rHOT9BnAA=">AAACHHicbVDLSgMxFM3UV62vUZdugkWoYMtMFSqIUHTjSirYB3SGkkkzbWhmMiQZaRn6IW78FTcuFHHjQvBvzLRdaOsJgZNzz+XmHi9iVCrL+jYyS8srq2vZ9dzG5tb2jrm715A8FpjUMWdctDwkCaMhqSuqGGlFgqDAY6TpDa7TevOBCEl5eK9GEXED1AupTzFSWuqYp4mDEYO3Y3gJbViEDhIYc1kYwqIzpMcX0DlJD9QP7bBKllWudMx8SlLARWLPSB7MUOuYn06X4zggocIMSdm2rUi5CRKKYkbGOSeWJEJ4gHqkrWmIAiLdZLLcGB5ppQt9LvQNFZyovzsSFEg5CjztDJDqy/laKv5Xa8fKP3cTGkaxIiGeDvJjBhWHaVKwSwXBio00QVhQ/VeI+0ggrHSeOR2CPb/yImmUS7ZVsu/O8tWrWRxZcAAOQQHYoAKq4AbUQB1g8AiewSt4M56MF+Pd+JhaM8asZx/8gfH1A+EnnNQ=</latexit>

The mapping just 
spreads out the data, it 
does not add or 
destroy information 
provided by the model. 

This is required 
because of the way 
that the output is used 
to obtain the main 
results of the paper.

https://arxiv.org/abs/0705.2157
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SUMMARY
▸ Regression analysis of data outputs a quantitative score for each 

example. 

▸ Can be used to construct a probability that an event is of one 
type or another. 

▸ Can be used to compare predictions and understand if the 
model significantly prefers one type over another, or if 
separation is marginal. 

▸ Regression output of a model can be used in subsequent analysis. 

▸ Background suppression example used an MLP to provide data 
to construct probability density functions for further analysis.
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PRACTICAL MACHINE LEARNING: REGRESSION

SUGGESTED READING
▸ Discussion of regression models in text books 

▸ C. Bishop: Neural Networks for Pattern Recognition 
▸ Chapter: 1, 2, 6 

▸ C. Bishop: Pattern Recognition and Machine Learning 
▸ Chapter: 1, 2 

▸ T. Hastie, R. Tibshirani, J. Friedman, Elements of statistical learning 
▸ Chapter: 2, 3, 6 

▸ A few examples of regression used in particle physics: 

▸ B Physics using an MLP: Aubert et al., Phys.Rev.D76:052007,2007 
▸ Exotic Particle Search using deep networks: Baldi, Sadowski, Whiteson, Nature 

Comm. 5308 
▸ Jet substructure: Baldi et al. Phys.Rev. D93 (2016) no.9, 094034 
▸ … many other examples out there to contextualise regression problems.
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