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Last lecture we looked at the Binomial probability distribution:

fk;n, p) = “A-p)™*

n!
n—totkt”
=, Cpa-p*

= C,p'q¢"" where ¢g=1-p q=P(fail)

Prob. of k successes given n trials,
and probability of success for single trial = p

Used to determine uncertainties in situations where each trial has
a true/false or yes/no result, e.g. opinion polls & efficiency calcs.
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Another common probability distribution: The Poisson Distribution

Relevant for counting experiments
Describes statistics of events occurring at a random but at a definite rate e.g.
number of radioactive decays in | min interval

number of births in UK per 24 hours

Experiment: count number of radioactive decays in | min interval: k
Assume 100% efficient detector - no error on k

Repeat experiment — get different k = statistical fluctuation!

n nuclei n ~ 1020
p prob of single decay in | min ~ p ~ 1020
k decays measured in | min n x p ~ finite

Can use binomial distribution in simplified form = Poisson Distribution

Asn — o0 and p — 0 with np = A (const) then binomial dist gives Poisson dist.

k
Probability of observing k counts fO\f k) — A e_x >\_= n X p = mean no. of counts
if mean number of counts is A ? k! k = observed no. of counts
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Important properties of the Poisson distribution:

A=k In other words:
measurement of k gives estimate of A
measurement of v/k gives estimate of &
c =+A
) . 0.5
i.e. the true mean is given by the mean of k
and also k gives the true variance G2 );
— 2
Poisson dist. skewed for small A 3
4
More symmetric as A increases
— 5
| measurement gives A and O .
7
k+\k ——
— 9
. c k 1
fractional error: —= £ =—
Aok Nk
=

16
1'?—||
18 4
19 4
20

Thus error decreases as k increases but only as the square root!
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The most important probability distribution: Gaussian

Other names: Bell curve, Normal Distribution

DL560057303 =& :g

= i =

2 o= i .

o 3 8

= )

Ze ot DT a

g B z

a1 et | N
g ® W e
s 560057303

Binomial & Poisson dists. are discrete
Gaussian is continuous probability distribution

e M = mean of distribution
1 e le) O = standard deviation
G(x) =——e % X = measured variable

NB
\» normalisation factor I G(x)dx =1
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Gaussian distribution has nice properties:

mean = median = mode: u = ij(x)dxz

G’ T(x —W)>G(x)dx

* Gaussian dist. is symmetric about mean
* Y shifts the peak of distribution
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large n Binomial
small p
large n
Poisson
Gaussian
A>10
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Why is the Gaussian Distribution so important?

The Central Limit Theorem
The mean of a large number of independent samples each of size n from
the same probability distribution (not necessarily Gaussian) has

approximately a Gaussian distribution centred on the population mean
and variance which reduces as |/n

http://www.intuitor.com/statistics/ CLAppClasses/CentLimApplet.htm
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Why is this relevant?

many measurements
KR

table

true length

average

Return to the measurement of our table

Repeat this 100 times

We will see a spread of measurements

Spread arises from many small random effects

Central Limit Theorem tells us that the spread will be Gaussian

This explains why Gaussian errors appear everywhere!
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RN Theorctical distributions  Chap. 3

TABLE 32

TWO-TAILED GAUSSIAN INTEGRAL
Giving the pereentage probability that a
point lies within the given number of ¢
from the mean

Xt )
—— 0.00  00f 002 003 o0 aG6 Q07 LS D
0.00 000 080 160 239 399 478 55K 638 717 Total area under the curve = |
0.10 797 876 9.55 10.34 31192 1271 1356 (4.8 (507

o o
020 JSBS U663 1741 1819 K97 1974 2051 2128 205 %2 Normalisation condition!
030 2358 2434 2510 26,61 2737 2812 2886 29.61 30.3S Integrating part of the curve tells us
040 3108 3182 3255 3401 3473 3545 3606 InS8 3759 1

ol JGIS JGHE J of probability

050 3829 3899 4039 4108 4177 4245 4313 4381 4448 Ay
060 4515 4581 4713 4778 4843 4907 4971 5035 S0.98 E.g. prob of result within o
070 st6l 5223 5346 3407 5467 5527 5587 5646 5105
080 5763 S, 935 5991 6047 6102 61.57 6211 6265 o withi
090 6319 6579 6629 cos0 6729 o775 ©8:3% withinzlo

95.5% within 20

100 6827 6875 69.23 6970 7007 7061 TLO9 7154 7199 7243
110 7287 7330 7373 7415 .57 7499 7540 7580 76.20 76.60 99.7% within +30°
120 7699 7737 7775 7813 RS0 T8ET 79.23 7959 7995 £G.29
130 8064 8098 8132 8165 §i98 8230 8262 8293 8324 8355
140 8385 8415 8444 8473 K501 8529 8557 8584 8611 86.38

r~
-3
=
to
S
>
s
)
=N
=
eal
ta
%

150 8664 8690 8715 8740 8764 8789 B88.12 8836 5459 8882

160 8904 8926 8948 89.69 8990 901 9031 90.51 90.70 90.90 Thus measurement quoted as
170 9108 9127 9146 9164 9181 9199 9216 9233 9249 9265

(80 9281 9297 9312 93.28 9342 9157 9771 9385 9399 9412 63 £ | cm means

190 9426 9439 9451 9464 9476 9488 9500 9512 9523 9534 68% brob within 62-64 cm
200 9545 9556 9566 9576 9586 9596 9606 9615 9625 9634 95;P b within 6 165

210 9643 9650 9660 9668 9676 9684 9692 9700 9707 9715 ° prob within 61-65 cm
220 9722 9729 9736 9743 9749 9756 97.62 97.68 97.74 97.80 99% prob within 60-66 cm

2.30 9786 9791 9797 9802 9807 9812 98.17 9822 9827 9K32
240 98.36 9840 9845 9849 9853 9857 Y861 9805 Y869 YK.72
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TABLE 33
ONE-TAILED GAUSSIAN INTEGRAL
Giving the pereentage probability that a

point lies within the given number of
to one side of the mean

Xt

a

0.00
0.10
0.20
0.30
0.40

0.50
0.60
0.70
0.80
0.90

1.00
1.10
1.20
1.30
1.40

1.50
1.60
1.70
1.80
1.90

2.00
2.10
2.20
2.30
2.40

0.00

50.00
5398
57.93
61.79
65.54

6915
72.57
75.80
7881
81.59

84.13
86.43
88.49
90.32
91.92

9332
94.52
95.54
96.41
97.13

97.72
98.21
98.61
98.93
9918
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0.01

50.40
54.38
58.32
62.17
6591

69.50
7291
7611
79.10
81.86

84.38
86.65
88.69
90.49
92.07

93.45
94.63
95.64
96.49
97.19

97.78
98.26
98.64
98.96
99.20

0.02

50.80
54,78
58.71
62.55
066.28

69.85
73.24
7642
79.39
82.12

84.61
86.86
88.88
90.66
92.22

93.57
94.74
95.73
96.56
97.26

97.83
98.30
98.68
98.98
99.22

0.03

51.20
55.17
59.10
6293
060.64

70.19
73.57
76.73
79.67
8238

84.85
87.08
§9.07
90.82
92.36

93.70
94.84
95.82
96.64
97.32

97.88
98.34
98.71
99.01
99.25

0.04

51.60
55.57
59.48
63.31
67.00

70.54
73.89
77.04
79.95
82.64

85.08
87.29
89.25
90.99
92.51

93.82
94.95
9591
96.71
97.38

9793
98.38
98.75
99.04
99.27

0.05

51.99
55.96
59.87
63.68
67.36

70.88
74.22
7134
80.23
82.89

85.31
87.49
89.44
91.15
92.65

93.94
95.05
95.99
96.78
97.44

97.98
98.42
98.78
99.00
99.29

0.06

56.36
60.26
64.06
67.72

71.23
74.54
77.64
80.51
83.15

85.54
87.70
89.62
91.31
92.79

94.06
95.15
96.08
96.86
97.50

98.03
98.46
98.81
99.09
99.31

0.07

5239 5279

56.75
60.64
4.43
GR.08

71.57
74.86
7794
§0.78
§3.40

§5.77
87.90
§9.80
91.47
92.92

94.18
95.25
96.16
96.93
97.56

98.08
98.50
98.84
99.11
99.32

0.08

53.19
57.14
61.03
64.80
68.44

71.90
75.17
78.23
81.06
83.65

85.99
88.10
89.97
91.62
93.06

94.29
95.35
96.25
96.99
97.61

98.12
98.54
98.87
99.13
99.34

0.09

53.59

57.53
6141
65.17
68.79

72.24
75.49
78.52
81.33
83.89

86.21
88.30
90.15
9177
93.19

94.41
95.45
96.33
97.06
97.67

98.17
98.57
98.90
99.16
99.36

Can integrate up to some max value
One tailed Gaussian

integral = 0.5 + /2 (area -0 to +0)
84.1% < lo

97.7% < 20
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